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The reality of deep generative modeling
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goal — likelihood

B REQUIREMENTS
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Image sources: NBC, Waymo, WIRED, Stanford HAI




The risk of generative models

Humans Are Biased. Generative Al Is Even Worse
Bloomberg, JUN 9, 2023J

When Al-Powered Humanoid Robots Make Bad Choices
Al Business, JAN 5, 2026J

they are sounding an alarm about Al chatbots
NPR, SEP 19, 2025

Their teenage sons died by suicide. Now, J

them to ask for lower salaries, study says
New York Post, JUL 29, 2025

Al chatbots might be sabotaging women by advising J




Requirement-driven deep generative modeling

requirements
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Imaae sources: NBC, Waymo, WIRED, Stanford HAI



Motivating application: Healthcare

B ONCOLOGY IMAGING

National Cancer Institute

minimize negative likelihood
model

subject to distance to minority distribution < threshold



REAL-WORLD CHALLENGE

Constraint satisfaction




OBJECTIVE

Find a deep generative model that
minimizes a performance metric
subject to a constraint on
another performance metric




Outline

B CONSTRAINED GENERATIVE MODELS

B PART | PRE-TRAINING OF DIFFUSION MODELS
= constrained diffusion models
» dual method & optimality

B PART Il POST-TRAINING OF DIFFUSION MODELS
» alignment with constraints
» dual method & optimality

B EMPIRICAL STUDY

B SUMMARY & OUTLOOK



CONSTRAINED GENERATIVE MODELS

constrained distribution optimization



Generative modeling

B DATA GENERATION

- £

data x ~ q(+) new data x ~ p(-)

» distribution optimization

minimize Dy (p; q)
P

Dyt — distribution mismatch
p — trainable distribution model



Generation requirements

B UNBIASEDNESS B AESTHETICITY B COMPOSITIONALITY

* stereotypes * artifacts * compositional concepts

dishwashers hand holding cherry tree AND sun dog

Generation has to be controllable satisfying requirements

Image sources: arXiv:2403.02726; arXiv: 2206.01714; arXiv: 2602.20951



Constrained distribution optimization

minimize Dyt (p; q)
p

subject to Dif (p; qi) < ¢ fori=1,...,m —

Eympy[ri(@)] > b5 forj=1,...,n R

N\

functional constraints

~ limit the distribution space to inequality constraints

e.g., unbiased model, aestheticity, compositional model

proximity

reward



Generative diffusion models

q(x¢ | x¢—1) — forward process

p(z—1 | z;) — backward process

B DISTRIBUTION OPTIMIZATION

minipmize Dy (q(zo.) || p(zo:7))



Pre-training: Constrained diffusion models

KD'R, NeurlPS 24
Original data: =z, ~ q(")

Desirable data: =y~ ¢/(-) fori=1,...,m

B CONSTRAINED DISTRIBUTION OPTIMIZATION
minimize DKL (q(l'();T) H p(wo;T))

p

subject to Dy (qi(:nO;T) |p(zor)) < & fori=1,....m

* minority-promoting distribution ¢*



frequencies

Constraints balance representativeness
KD'R, NeurlPS 24

classes unconstrained constrained

x unconstrained mode| ()

» constrained mode!| ()



Post-training: Alignment with constraints

KHD'R, NeurlPS '25

Pretrained model: ¢(zo.7)

Reward models: r;(zo) fori=1,...,m

B CONSTRAINED DISTRIBUTION OPTIMIZATION
minimize DKL (p($0;T) ” q(.iL‘o;T))

P

subject to Epomp() [Ti(z0)] = b fOori=1,...,m

~ aestheticity-constrained reward r;



rewards

Constraints balance aestheticity
KHD'R, NeurlPS 25

1501

100

50 = B
0 u

unconstrained  constrained baseline unconstrained constrained

» preference reward (mmm)
» saturation reward (mss)

+ local contrast reward (msm)



Lagrangian approach

B LAGRANGIAN

m

L(p;\) = Dugii(p;q) + Z)\ (Dt (p; g Z)\mﬂ i — By py[ri(@)])
i=1 j=1

x penalize violation via dual variable A > 0

B DUAL FUNCTION

D(\) = minipmize L(p; \)

» concave function, regardless of the convexity in p



Dual problem

B DUAL MAXIMIZATION

maximize D(\)
A>0

convex optimization

» subgradient ascent finds an optimal dual variable \*

Recovery of an optimal model p*

*

p* € argmin L(p; \")
p




Strong duality

B GEOMETRIC INTERPRETATION

D =t + \Nu

image & = { (Duit(p; ¢°) — €, Dait(p;q) ) |p }

Optimal hyperplane touches £ at an optimal model: D* = Dy(p*; q)



Constrained parameter optimization
minimize  Day (po: q)

subject to Daiv (po; qi) < ¢ fori=1,....m —  proximity

Eympey [75(2)] > b5 forj=1,...,n — reward

» diffusion model parameter 6

CHALLENGE

Nonconvex constrained optimization — Lack of strong duality




Overview of our results

B PRE-TRAINING: CONSTRAINED DIFFUSION MODELS KD'R, NeurlPS 24
» optimal model is a mixture distribution

» dual training & optimality gap

B POST-TRAINING: ALIGNMENT WITH CONSTRAINTS KHD'R, NeurlPS 25
» optimal model is a reward weighted distribution

» dual training & optimality gap objective & constraint

Dual training finds an optimal diffusion model,
up to an approximation error




PART | PRE-TRAINING OF DIFFUSION MODELS

constrained diffusion models



Constrained diffusion models

Original data: z, ~ ¢(")

Desirable data: zo~¢'(-) fori=1,...,m
B CONSTRAINED DISTRIBUTION OPTIMIZATION

miﬂipmize D (q(zo.1) || p(xo:1))

subject to Dy (qi(:co:T) |p(zor)) < & fori=1,....m

» convex forward KL objective and convex forward KL constraints

Convex constrained distribution optimization — Strong duality



One pillar
B EVIDENCE LOWER BOUND ( ELBO)

p(zo:1) ]

E(p; q) = Eq(:co)EQ(l‘LT [zo) [log Q(xl'T ‘ CIZ())

lower bound on log-likelihood

» KL divergence decomposition

Dy (q(zor) | p(mo.r)) = — E@;q) + Ega) [9(z0)]

ELBO is linear in data distribution ¢(z)

KL divergence equals negative ELBO (up to a constant)



Lagrangian approach

B LAGRANGIAN

m

L(p;A) = Dk (q(wor) || p(zo)) + Z Ai (Dre (¢ (zo:r) || p(z0:r)) — €)
i=1

» existence of an optimal dual variable \*

B OPTIMAL MODEL RECOVERY

m
minimize L(p; \¥) — minimize — E(p;q) — Z)\f E(p;q")
P P
i=1



Optimal model

B ELBO LINEARITY

- Y NEMq) = —E<p;q+ZA:qi>

i=1 i=1

» a mixture data distribution ¢ (o) = oty ((wo) + S0y A (x0))

B ELBO-KL DIVERGENCE EQUIVALENCE

minimize L(p; \*) = minimize Dk (qr(wﬁ;)(%:T) I p(xng)>
P P

*

Optimal model is a mixture distribution p*(z(.r) = ¢% ) (zo.r)



PART | PRE-TRAINING OF DIFFUSION MODELS
method & theory



Constrained diffusion models
Original data: z( ~ ¢(-)
Desirable data: z,~ ¢'(-) fori=1,...,m
B CONSTRAINED PARAMETER OPTIMIZATION
minimize - E(pg; q)

subject to —E(pe;q*) < b; fori=1,....m

[)1' =€ — E(]i(.’lf()) [(11 ('/I"'(])]
» ELBO serves as a score-matching loss

E(poiq) = —Byg)t,a0 | 186(xe, 1) — Viogq(zy)[|* ]

Nonconvex constrained parameter optimization — Lack of strong duality



Parametrized dual problem

B PARAMETRIZED DUAL FUNCTION

Dp(N) = miniemize L(pg; )
+ concave, and nondifferentiable function
B PARAMETRIZED DUAL MAXIMIZATION

nize Do\
maximize p(A)

Existence of an optimal parametrized dual variable )\;



Search for an optimal parametrized dual variable

Lagrangian minimizer: 6*(\) € argmin L(pg; \)
0

SUbgradient: u(A) = ViL(pe; N ‘9:9*()\)

B PROJECTED SUBGRADIENT ASCENT

Ao A+ uN)

« explicit subgradient w(\) = —E(pe«(n); ¢*) — b;

Subgradient ascent converges to an optimal parametrized dual variable )}



Dual training algorithm
B ITERATION #1: COMPUTE A LAGRANGIAN MINIMIZER

0*(\) € argmin L(pg; \)
0

B ITERATION #2: PERFORM A SUBGRADIENT ASCENT STEP

AT [/\—U(E(pe*(x);qi)eri)L

QUESTION: Optimality of Aj-recovered model py-(»s)?




Optimality
KD'R, NeurlPS 24
Optimality gap: TV <qr(rﬁ;)7pa*(xg) )

Implication (informal)

% Optimality gap is dominated by

oly(d
p\/y%) + \/gescore + Vv

Sublinear in time 7' & polynomial in dimension d
Linear in score-matching error ¢, & root-scaling of param. gap v

v := max; miny dist(s, $y)

(V) 2
E(PH~ (lfnix)‘ < 6s)core




Optimality analysis

| Step #1: ELBO linearity |

0*(N\s) € argmin L(pg; \})
0

= argmm — E(pg; q) Z)‘Z pE Do q
1=1

= arggnin —E(pg;qr(:;i))
(Ap)

mix

Training a diffusion model with a data mixture ¢
* non-asymptotic convergence LWCC, ICLR 24

A5 oly(d
TV <Qr(11i§)7p6*(/\5)> N p\yﬁg) + \/gﬁscore

QUESTION: Gap between q(

mix

and ¢\)?




Duality gap

B GEOMETRIC INTERPRETATION

D" =t + \Nu

image € = { (—E'(p) —bi,—E(p)) |p}



Duality gap

B GEOMETRIC INTERPRETATION

-

image £ = { (~E(p) —bi,—E(p)) |p} image & = { (—E'(pg) — b, —E(ps)) |0}

D" = t+ \Nu

u



Duality gap

B GEOMETRIC INTERPRETATION

D*:t—i—)\gu

D" =t + \u

u

image & = { (—E'(p) —bi,—E(p)) |p} image & = { (—E'(ps) — bi,—E(ps)) |0}

Optimal hyperplane touches &, w/ t-intercept D): Dy — D* S v



Optimality analysis

Step #2: Strong concavity of dual function

(% D7)

T N
X — \D(A)

Optimal dual variables: \*, \} are close: ||\; — \*|| < /v

— V(). < v

Qmix - 9nix



PART Il POST-TRAINING OF DIFFUSION MODELS

alignment with constraints



Alignment with constraints

Pretrained model: ¢(zo.7)

Reward models: r;(zg) fori=1,...,m

B CONSTRAINED DISTRIBUTION OPTIMIZATION

minipmize DKL (p(xO:T) || Q(«TO:T))

subject to Ego~py [Ti(z0)] > b; fori=1,...,m

» convex reverse KL objective and linear constraints

Convex constrained distribution optimization — Strong duality



Lagrangian approach

B LAGRANGIAN

m

L(p;\) = DxL(pzo:r) la(zor)) + D Ai (b = Egg oy [Ti(0) ])
i=1

x existence of an optimal dual variable \*
B OPTIMAL MODEL RECOVERY

minimize L(p; \*) — minimize Dygp (p(m);T) I qﬁ\ﬁ*)(xoq)))
P P
« a reward weighted distribution ¢y () o g(-)e®) "0

*

Optimal model is a reward weighted distribution p*(zq.1) = 7 )(w():T)



PART Il POST-TRAINING OF DIFFUSION MODELS
method & theory



Alignment with constraints

Pretrained model: ¢(zo.7)

Reward models: r;(zo) fori=1,...,m
B CONSTRAINED PARAMETER OPTIMIZATION
mini@mize Dy (po(zo.7) || g(zo.1))
subject to Egompe() [Ti(®0)] > b; fOri=1,...,m
» reverse KL serves as an on-policy score-matching loss

Dyt (po(wo:r) || a(@or)) = Eay ey, [lIsa(we, t) — Viog glar) ]

Nonconvex constrained parameter optimization — Lack of strong duality



Parametrized dual problem

B PARAMETRIZED DUAL FUNCTION

Dp(N) = miniemize L(pg; )
+ concave, and nondifferentiable function
B PARAMETRIZED DUAL MAXIMIZATION

nize Do\
maximize p(A)

Existence of an optimal parametrized dual variable )\;



Dual training algorithm

B ITERATION #1: COMPUTE A LAGRANGIAN MINIMIZER

0*(\) € argmin L(pg; \)
0

B ITERATION #2: PERFORM A SUBGRADIENT ASCENT STEP

P [/\+77<b—Ep9*<A>(xo)[7’(fU0)]>L

QUESTION: Optimality of Aj-recovered model py-(»s)?




Optimality

KHD'R, NeurlPS '25
ZLHBD'R, NeurlPS '25

Objective optimality: ‘DKL (pg*()\s)> — Dko(p*)

Constraint feasibility:

T (Pe*(x;)) — ri(p”) ‘
Implication (informal)

* Objective optimality & Constraint feasibility are dominated by

7

Root-scaling of param. gap v

v := max min dist(p, ps)
P 0



Duality gap

B GEOMETRIC INTERPRETATION

D*:t—i—)\gu

D" =t + \u

u

image £ = { (b; —7i(p), DkL(p) ) |p}  image & = { (b; — 7i(pg), DxL(pe) ) |0}

Optimal hyperplane touches &, w/ t-intercept D): D} — D* S v



Dual function

B LOWER ENVELOPE FUNCTION

D()\) := minimize L(p;\)
P

TT‘ x
= ATb — logEy, ) [T |

cumulant-generating function

= strictly concave, and locally strongly concave function

V2D(\) =~ = Varg, < p(ox) [7(0) ]



Gap between optimal dual variables

B GAP BETWEEN (UN)PARAMETRIZED DUAL FUNCTIONS

Optimal dual variables: \*, \! are close: ||\; — \*|| < /v



EMPIRICAL STUDY

constrained diffusion models



frequencies

Fairness in image generation
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Constraints improve representativeness

constrained



Adaptation of pretrained model
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EMPIRICAL STUDY

alignment with constraints



rewards

Reward alignment via constraints

1.57
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0.5 1
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= unconstrained model ( —)

» constrained model ( —)



KL

Reward alignment via constraints

0.304
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0.104

0.054

0.00 1

25 50 75 100 125 15.0
epochs pretrained unconstrained constrained

» unconstrained model ( —)

» constrained model ( —)
Constraints reduce model deviation



Summary & outlook

KD'R, NeurlPS 24
KHD'R, NeurlPS 25
ZLHBD'R, NeurlPS ’25
B TRAINING DIFFUSION MODELS WITH CONSTRAINTS
» constrained diffusion models
» alignment with constraints

» dual method & optimality

B OPEN CHALLENGES

% constrained solutions

x generalization



Composition of diffusion models

KHD'R, NeurlPS 25
Pretrained models: q¢(x¢), ¢'(xg) fori=1,...,m

B CONSTRAINED DISTRIBUTION OPTIMIZATION

minimize Dy (p(z0) || g(0))

subject to Dy (p(aco) I qi(aco)) < ¢ fori=1,...,m

» concept-aligned pretrained model ¢*

Convex constrained distribution optimization — Strong duality



Unlearning in diffusion models

KRD', Ongoing
Pretrained model: ¢(z.7)

Unlearning concepts: ¢'(zo.r) fori=1,...,m
B CONSTRAINED DISTRIBUTION OPTIMIZATION

minipmize DKL (q(x():T) H p(.%'o;T))

subject to Dy (qi(:vOZT) | p(zo:r)) > b fori=1,...,m

» concept-aligned pretrained model ¢*

Nonconvex constrained distribution optimization — Strong duality



Thank you for your attention.



